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Pile foundations are widely used in geotechnical and offshore
engineering. When subjected to a combination of horizontal (H),
vertical (V) forces and bending moments (M), a 3D (H–M–V) failure
envelope (or bearing capacity diagram) is necessary in order to
evaluate the safety of the pile–soil system. The ﬁrst comprehensive
experimental research studies on the bearing capacity of piles can
be traced back to the 60s. Meyerhof [1] proposed a polar bearing
capacity diagram adequate for a vertical pile. In 1972, Meyerhof
and Ranjan [2] provided a new bearing capacity diagram taking
into account the uplift mechanism based on the experimental
results of Ranjan [3]. Meyerhof with his colleagues extended also
the study of the vertical bearing capacity to batter piles [4], pile
groups [5] andmore recently to layered soils [6–8]. Their milestone
studies mainly focused on the H–V plane and provided valuable
experimental data for the failure envelope of piles and pile founda-
tion groups. There are also many experimental studies that have
been carried out by many other researchers. Das et al. [9] per-
formed model tests with short rigid piles embedded in loose sand.
An empirical equation was proposed to consider the interactioneffect of combined loads. Patra and Pise [10] carried out model
tests with slender aluminum piles in medium dense sand under
oblique pull loads. They found the presence of horizontal load, if
applied simultaneously, will signiﬁcantly increase the ultimate
vertical load. Smoothed pile surface had lager increase effect on
the ultimate vertical load.
From the numerical point of view, Cho [11] studied the vertical
and horizontal bearing capacities of suction piles and proposed a
piecewise empirical equation. Achmus and Thieken [12] focused
on the bearing behavior under vertical and horizontal loads and
the effects of load interactions on the pile–soil stiffness reduction.
Mroueh and Shahrour [13] looked at the bearing capacity of a sin-
gle vertical pile comparing the results with that of a single inclined
pile and Fan and Meng [14] performed numerical swipe tests to
investigate the failure envelope of a pipe pile foundation in the
H–M–V 3D space. In 2011, Correia [15] derived the failure envelope
in H–M plane for single vertical pile embedded in clay by a
semi-analytical approach.
In this paper, the failure envelope of a single elastic vertical pile
in sand is numerically investigated via swipe tests and a large
number of radial displacement controlled tests. A complete 3D fail-
ure envelope in H–M–V space is provided. The analytical equation
proposed by Meyerhof and Ranjan [2] is validated and adopted in
the H–V plane. For the H–M–V space however, a new 3D analytical
failure envelope is introduced. The proposed failure envelope is
useful for the development of new simpliﬁed modeling strategies
for soil-structure interaction problems (e.g. macro-elements
[16–18]) that can be applied in design engineering ofﬁces [19].
2. Numerical model
2.1. Soil constitutive law
The performance of a soil–pile interaction numerical strategy
greatly depends on the adopted soil constitutive law. The
Mohr–Coulomb [20] and the Drucker and Prager [21] elasto-plastic
laws are the most commonly used constitutive relations in geo-
technical engineering. In this paper however, the choice is made
to use a simple hypoplastic constitutive law. The term hypoplastic-
ity was introduced by Dafalias [22] to designate a particular type of
bounding surface plasticity with a vanishing elastic domain [23]. In
comparison with elastoplastic models hypoplasticity can provide a
more smooth numerical response [23]. An outline of the hypoplas-
ticity theory was presented by Kolymbas in 1991 [24].
In the following, a constitutive law similar to an elastic perfectly
plastic Drucker–Prager model is formulated according to the
hypoplasticity theory and it is used to numerically reproduce the
behavior of a single pile in sand. The basic framework of the hypo-
plastic formulation is provided with the following equation [25,
26] (bold letters deﬁne hereafter tensors and vectors, the dot ‘‘_’’
symbol is the derivative with respect to time and kk the norm of
a tensor):
_T ¼ LDþ NkDk ð1Þ
where _T and D are the stress rate and stretching rate tensors. In con-
trast with elasto-plasticity, in hypoplasticity the tangent stiffness
matrix varies continuously with the direction of the velocity, a
property known as incremental nonlinearity [27, 28]. The nonlinear
behavior of the material results thus from the interaction between
the stiffness matrix L and vector N.
It is considered hereafter that stiffness matrix L depends on the
bulk modulus K and the shear modulus in the elastic range Gmax. It
has the following form (the Lamé coefﬁcient l ¼ Gmax according to
Hooke’s law):
L ¼
K þ 4l=3 K  2l=3 K  2l=3 0 0 0
K  2l=3 K þ 4l=3 K  2l=3 0 0 0
K  2l=3 K  2l=3 K þ 4l=3 0 0 0
0 0 0 l 0 0
0 0 0 0 l 0
0 0 0 0 0 l
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ð2ÞFig. 1. (a) Cross-sections of the current stress and yield surfaces and (b) ma
2For a frictional material like sand, Gmax is inﬂuenced by the
mean effective conﬁning pressure p and the void ratio e [29–32]:
Gmax ¼ fnðe;pÞ ð3Þ
It is usually considered that
Gmax ¼ A ðB eÞ
2
ð1þ eÞ p
C ð4Þ
where A;B;C are material constants.
The constitutive tensor N is deﬁned following the approach
proposed by Niemunis [26]:
NðTÞ ¼ yðTÞLmðTÞ ð5Þ
where yðTÞ is a scalar function, named degree of nonlinearity, that
controls the variation of the nonlinear term and mðTÞ deﬁnes the
plastic ﬂow direction. In this paper, the scalar function
0 6 yðTÞ 6 1 is chosen as a function of the current stress
qðTÞ ¼ ﬃﬃﬃﬃﬃﬃﬃ3J2p and a predeﬁned limit stress ryðTÞ as follows:
yðTÞ ¼ qðTÞ
ryðTÞ
 nc
ð6Þ
with nc is a constant that controls the isotropic evolution of yðTÞ
(the inﬂuence of nc will be discussed hereafter) and J2 the second
invariant of the deviatoric stress tensor. The ratio qðTÞ=ryðTÞ
measures the distance between the current stress surface (which
expands isotropically) and the predeﬁned yield surface, see
Fig. 1(a). It is considered hereafter that the predeﬁned yield stress
ryðTÞ cannot be surpassed, meaning that once the yield surface
reached qðTÞ  ryðTÞ ¼ 0.
The objective is to use an hypoplastic constitutive law similar to
the elastic perfectly plastic Drucker–Prager model, the chosen
ryðTÞ has to lie on the Drucker–Prager yield surface (or on
compression corners of the Mohr–Coulomb criterion [33,34], see
Fig. 1(b)) depending on the mean effective conﬁning pressure
pðTÞ and the material frictional angle /. The way to do this is
explained hereafter.
The Drucker Prager yield criterion has the following general
form:
F ¼ qðTÞ Mc pðTÞ  kc ¼ 0 ð7Þ
where Mc and kc are material constants expressed in terms of the
friction angle / and the cohesive strength c:
Mc ¼ 6 sin/3 sin/ ð8Þtching the predeﬁned yield surface with the Mohr–Coulomb criterion.
Fig. 2. Plastic ﬂow direction.
Table 1
Model parameters used in the simulation of drained triaxial tests.
A B C e nc /c () w ()
Dense sand 200 2.17 0.47 0.577 0.4 33 9
Loose sand 200 2.17 0.47 0.707 0.4 33 3kc ¼ 6c cos/3 sin/ ð9Þ
Assuming a dry sand and thus a zero cohesive strength (c ¼ 0),
kc ¼ 0 and the yield function reads:
F ¼ qðTÞ Mc pðTÞ ¼ 0 ð10Þ
From Eq. (10) it is obvious that the constant parameter Mc
deﬁnes the slope of the yield surface (see Fig. 2). According to Eq.
(10) it can also be assumed that ryðTÞ ¼ Mc pðTÞ and thus the scalar
function of Eq. (6) reads:
yðTÞ ¼ qðTÞ
ryðTÞ
 nc
¼ qðTÞ
Mc pðTÞ
 nc
ð11Þ
The plastic ﬂow direction mðTÞ is deﬁned according to the
bounding surface model [22,35,36]. The current stress qðTÞ is
assumed to lie on a loading surface fwhich has a similar shape with
the yield surface F (bounding surface), see Fig. 2. The expression of
the loading surface can be thus deﬁned as:
f ¼ qðTÞ Mc ðpðTÞ  p0Þ ¼ 0 ð12aÞ
with
p0 ¼
1
Mc
ðryðTÞ  qðTÞÞ ¼ 1Mc ðMc pðTÞ  qðTÞÞ ð12bÞ
When qðTÞ reaches the limit stress ryðTÞ ¼ Mc pðTÞ; p0 ¼ 0 and
the loading surface coincides with the bounding surface. Due to
the similar shapes of the yield and loading surfaces, for given stress
state (pðTÞ; qðTÞ), the directions normal to the two surfaces are
identical. In order to determine the direction of the plastic strain
increment depl (see Fig. 2), one can thus only refer to the yield sur-
face. As usually done for soils, a non-associated ﬂow rule is chosen:
G ¼ qðTÞ M0c pðTÞ ð13aÞFig. 3. Comparison of the Drucker–Prager mod
3with
M0c ¼
6 sinw
3 sinw ð13bÞ
and w the sand dilation angle. The parameter M0c deﬁnes the direc-
tion of the plastic strain increment (see Fig. 2). The plastic ﬂow
direction is given by Eq. (14):
mðTÞ ¼ @G=@Tk@G=@Tk ð14Þ
The comparison of the results on a simple shear test using the
Drucker–Prager model and the proposed hypoplastic model is
shown in Fig. 3(a). In this example, the friction and dilation angles
of the sand are assumed equal to 33 and 0 respectively and the
mean conﬁning pressure 149 kPa. The hypoplastic model provides
the same ultimate strength as the Drucker–Prager model but fol-
lows a more smooth transition curve. Finally, the inﬂuence of the
coefﬁcient nc on the response of model is shown in Fig. 3(b).
2.2. Calibration and validation of the soil constitutive law for
Fontainebleau sand
In this section, the soil constitutive law is calibrated and vali-
dated using experimental data on dry Fontainebleau sand. The
homogeneous sand has a mid-particle diameter D50 around
0.206 mm, a density, qs ¼ 2:65 g/cm3 and a minimum and maxi-
mum void ratio emin ¼ 0:510 and emax ¼ 0:882, respectively [37].
The main parameters of the soil model are summarized in Table 1.
The elasticity constants A;B;C and the void ratio e are used to
deﬁne the elastic behavior of the soil. According to Eqs. (3) and
(4), the initial shear modulus Gmax (in MPa) depends on the mean
conﬁning pressure p (in kPa) and the void ratio e. Delfosse-Ribay
et al. [38] proposed the following values for the Fontainebleau sand
used in dynamic centrifuge tests: A ¼ 200;B ¼ 2:17 and C ¼ 0:47.
The Young’s modulus E is then calculated as:
E ¼ 2Gmaxð1þ mÞ ð15Þ
where m ¼ 0:25 is the Poisson’s ratio.
In order to properly identify the parameter nc of the hypoplastic
law, experimental results from dynamic centrifuge tests with the
Fontainebleau sand under free-ﬁeld conditions are used [39].
Free-ﬁeld tests were conducted with an Equivalent Shear Beam0 0.1 0.2 0.3 0.4 0.5 0.60
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el with the proposed hypoplastic model.
(ESB) container [40,41] at IFSTTAR Nantes that allows shear defor-
mation and shear wave propagation in the soil medium. The
stress–strain behavior and the shear modulus degradation curve
were derived following a post-processing strategy based on the
measurements provided by a dense network of accelerometers.
Details about the procedure can be found in [39] (see also [42]).
By ﬁtting the shear modulus degradation curve with the
experimental data (see Fig. 4), nc is found to be approximately
equal to 0.4.
The friction angle / and the dilation angle w are required to
reproduce the strength and volumetric change of the soil. In [43],
the peak friction angle and the critical state friction angle of Fon-
tainebleau sand are given equal to /peak ¼ 41:8 and /c ¼ 33
respectively. In the following, the soil model is validated using
drained triaxial test data where the critical friction angle is
adopted to reproduce the soil strength and different dilation angles
are used for the case of dense and loose sand.
The results of the triaxial tests for dense and loose sand are
shown in Figs. 5 and 6. Different conﬁning pressures are considered
(50 kPa, 100 kPa and 200 kPa). As expected for the dense sand (see
Fig. 5(a) and (b)), the hypoplastic model cannot capture the peak
state. Nevertheless, using the critical state friction angle the
ultimate strength of the soil is well reproduced. In order to ﬁt
the tendency of the volumetric changes the dilation angle is
estimated to be w ¼ 9.
For the case of loose sand (see Fig. 6(a) and (b)), using the
critical state friction angle and a lower dilation angle w ¼ 3 the10−3 10−2 10−1 100
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Fig. 4. Comparison of the numerical G=Gmax curve with the experimental data (after
Li et al. [39]).
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4proposed hypoplastic model captures approximately both the
stress–strain and the volumetric change behavior.
Although the model cannot capture the peak state for the case of
dense sand, it is assumed in the following that the soil in the vicinity
of the pile undergoes large deformations and reaches the ultimate
critical state (the purpose of the paper is to quantify the ultimate
failure envelope of the soil–pile system). By using the critical state
friction angle, the residual strength of the soil is well captured. One
has to keep in mind however that the proposed hypoplastic model
does not use the concept of critical state and cannot produce a con-
stant volumetric strain with the critical friction angle.2.3. Finite element mesh and boundary conditions
A numerical model of a single vertical pile in soil is carried out
using the ﬁnite element code ABAQUS standard [44]. Taking
advantages of the symmetry of the problem, only half of the
soil–pile system is modeled (see Fig. 7, D is the diameter of the
pile). Both sand and pile are reproduced using 3D solid elements
(the total number of elements used for soil is 14958). The pile is
assumed to have a linear elastic behavior while the sand follows
the simple hypoplastic model presented in Section 2.1. The behav-
ior at the interface between the pile and the soil is modeled using a
classical Coulomb model where the tangential frictional stress is
proportional to the normal stress. The contact interface can open
and close. Due to the lack of experimental data to quantify the limit
stress in the tangential direction, no threshold (smax) on the tan-
gential frictional stress is adopted. The contact behavior between
the pile and the soil is considered using a friction coefﬁcient
l ¼ tanð/cÞ ¼ 0:65 related to the critical friction angle /c ¼ 33
of the soil. For the contact behavior, a penalty algorithm is adopted
[44]. The objective of the numerical study is to capture the 3D fail-
ure envelope, large deformations and geometric non-linearity are
considered in the simulations. Furthermore, an adaptive re-mesh-
ing technique, Arbitrary Lagrangian Eulerian (ALE), is necessary
[44]. Otherwise, because of numerical convergence problems due
to severe distortions of the ﬁnite elements the code stops before
reaching the material failure conditions.
Nodal displacements are ﬁxed in the X, Y and Z directions at the
base of the ﬁnite element mesh. The displacements at the other lat-
eral boundaries are blocked in the normal directions (see Fig. 7).
There is no load eccentricity on the pile head i.e. the pile head is
at the ground surface level.
A mesh sensitivity study, adopting the H-convergence method,
is carried out to ensure that the number of ﬁnite elements is sufﬁ-
cient to provide accurate results. Three ﬁnite element meshes are
studied hereafter: a coarse mesh (with 6116 elements, Fig. 8(a)),−5 0 5 10 15 20−1
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X
Fig. 7. Finite element model for a single vertical pile in soil.
Fig. 8. (a) Coarse mesh and (b) ﬁne mesh.the current mesh (with 14,958 elements, Fig. 7 and a ﬁne mesh
(66,238 elements, Fig. 8(b)). Dense sand is assumed with the
parameters mentioned in Table 1. The pile section stiffness is taken
equal to EpIp ¼ 2500 106 N m2. Comparison of the results is
shown in Fig. 9. Increasing the number of elements improves the
accuracy of the ﬁnite element computations. However, the differ-
ence between the ﬁne and the current meshes results is of the
order of 5%. The ﬁne mesh is computationally very expensive, the
current mesh discretization is adopted for the rest of the paper.53. Validation of the numerical model
In order to validate the proposed ﬁnite element model, results
from two centrifuge pile test campaigns are used hereafter. The
ﬁrst series of tests were performed by Rosquoët [45] to study the
lateral resistance and the second by Guefrech et al. [46] to
investigate the bearing capacity of a vertical pile embedded in
Fontainebleau sand. In both campaigns, the tested pile head was
above the ground surface. In the following, this load eccentricity
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Fig. 9. Mesh sensitivity study.is introduced in the ﬁnite element model by increasing the actual
length of the pile above the soil surface. Both the two centrifuge
tests concern dense sand and the ultimate strength of the soil–pile
system, critical friction angle of the sand is used. All the parame-
ters are given hereafter in the prototype (real) scale.
Rosquoët [45] applied monotonically increasing horizontal
force on a single vertical pile embedded in Fontainebleau sand sub-
mitted to a centrifuge gravity level of 40 g (g is the gravity acceler-
ation). The diameter of the pile was 0.72 m and its slenderness
(length/diameter) ratio is 15.
The main parameters adopted in the ﬁnite element model to
reproduce Rosquoët’s centrifuge tests are summarized in the ﬁrst
row of Table 1 (dense sand). In order to be consistent with the cen-
trifuge test, e ¼ 0:58 is used. The pile is modeled using a linear
elastic constitutive law and has a section stiffness of
EpIp ¼ 2638 106 N m2 (with Ep the Young’s modulus and Ip the
moment of inertia of the pile). The diameter of the pile is 0.72 m.
A monotonically increasing horizontal displacement is applied on
the pile head, see in Fig. 10(a). The comparison of the numerical
results with the experimental data in Fig. 10(b) shows that the
numerical model reproduces correctly not only the evolution of
the lateral strength of the vertical pile but also its ultimate value.
Guefrech et al. [46] studied the bearing capacity of a vertical
pile embedded in Fontainebleau Sand under a centrifuge gravity
level of 23 g. A monotonically increasing vertical force was applied
on the pile head. The sand relative density was around Dr ¼ 86%,
the diameter of the pile was 0.4 m and its slenderness (length/
diameter) ratio 30. The surface of the pile is rough. The values of
the main parameters adopted in the ﬁnite element model are listed
in the ﬁrst row of Table 1 (dense sand). In order to be consistent
with the centrifuge test, e ¼ 0:56 is used.Sand
Horizontal displacement
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Fig. 10. (a) Schematic of the loading conﬁguration and (b) numerical (hypoplastic m
6The pile is again modeled using a linear elastic constitutive law
and has a section stiffness of EpIp ¼ 100 106 N m. A monotoni-
cally increasing vertical displacement is applied on the pile head,
see in Fig. 11(a). Numerical results are compared with the experi-
mental results in Fig. 11(b). The performance of the model is satis-
factory. It can be noticed however that the model works better for
the case of loose sand that for dense sand, where it misses its peak
strength. Nevertheless, in both cases the model reproduces
correctly the ultimate failure envelope of a single pile in sand
(see also Section 2.2).4. Numerical study of the 3D failure envelope
4.1. Parameters of the ﬁnite element model
The ﬁnite element model, validated in Section 3 with the results
of two centrifuge experimental campaigns, is used hereafter to
study the 3D failure envelope of a single pile embedded in Fontaine-
bleau sand. The pile has a length of 13 m, a diameter of 0.72 m, a
slenderness ratio of 18 and the pile head is considered on the
ground surface level. A linear elastic constitutive law is adopted
for the pile while the hypoplastic law presented in Section 2 is con-
sidered for dense Fontainebleau sand. The parameters of the hypo-
plastic law are listed in the ﬁrst row of Table 1 (dense sand). Poulos
and Davis [47] proposed a method to classify piles in different cat-
egories based on the ﬂexibility factor Kr , see Eq. (16):
Kr P 0:1: rigid piles.
0:01 6 Kr < 0:1: relative stiff piles.
0:001 6 Kr < 0:01: medium ﬂexible piles.
1 104 6 Kr < 0:001: ﬂexible piles.
1 105 6 Kr < 1 104: very ﬂexible piles.
where Kr is deﬁned as:
Kr ¼ EpIp
EsL
4
p
ð16Þ
with EpIp the section stiffness of the pile, Lp its embedded length and
Es the soil secant modulus (or deformation modulus). In the follow-
ing, EpIp ¼ 5:05 108 N m2 and Lp ¼13 m. To determine the soil
deformation moduli Es, several experimental methods were pro-
posed by Poulos and Davis [47]. In this paper, another method is
adopted. Jardine et al. [48] and Mair [49] have shown that the typ-
ical shear strain level around piles falls in the range 0:01  0:1%.
With the G=Gmax curve, the range of the secant shear modulus Gs
can thus be determined and then converted to Es. In the following,
the G=Gmax curve proposed by Li et al. [39] for a Fontainebleau sand
is adopted and Gmax is calculated using Eq. (4). It is found that the500 1000 1500 2000
rizontal displacement of pile head (mm)
Simulated by hypoplastic model
Experimental data
odel) vs. experimental data – Rosquoët’s centrifuge tests (lateral loading) [45].
Sand
Vertical displacement
Fig. 11. Numerical (hypoplastic model) vs. experimental data, Guefrech et al. centrifuge tests (vertical loading) [46].
Y
Resultant forceaverage secant modulus Es is in the range 67:6  176:8 MPa. There-
fore, the ﬂexibility factor falls in the range 1:0 104  2:6 104
and the pile in the FEMmodel can be classiﬁed as ﬂexible. Following
also the method proposed by Santos and Correia [50] (reference
strain c0:7) Kr is estimated 2:5 104, which also indicates a ﬂexible
behavior of the pile.Forces Moments
X
Fig. 12. Sign conventions for the pile head loadings.
Sand
δ
Direction of imposed
displacement
X
Y4.2. 3D numerical failure envelope
In order to numerically reproduce the 3D failure envelope, the
procedure proposed by Gottardi et al. [51] is adopted. The authors
applied two different loading paths on circular footings
experimentally:
 Swipe tests: a vertical displacement is at ﬁrst applied on the
foundation until the vertical force reaches the desired level.
Then, an increasing horizontal displacement is imposed on the
foundation. Swipe analyses is introduced by Tan [52] and has
been frequently adopted in several experimental [53] and
numerical [54–56] studies.
 Radial displacement tests: tests where horizontal, vertical and/or
rotational displacements are applied simultaneously while the
ratio between the applied displacements (or combined rota-
tion-displacement increments) is kept constant.
In this paper, the numerical radial displacement test is followed
as the main numerical approach. The sign conventions for the pile
head loads (horizontal force, vertical force and bending moment)
are presented in Fig. 12. For the decomposed forces, vertical
component acting downwards as a compression force is considered
with a positive sign; horizontal component acting on the left is
considered positive,vice versa. For the bending moment, the
moment acting anti-clockwise is positive, vice versa.Fig. 13. Radial displacements tests in the H–V plane.4.2.1. Numerical failure envelope in the H–V plane
To investigate the form of the failure surface in the H–V plane,
free pile head conditions (M = 0) are considered. As shown in
Fig. 13, a displacement is applied on the top of the pile head (that
can rotate freely) in a certain direction d. The angle of the displace-
ment d varies from 0  360 to scan the failure surface in all
directions. The value of the displacement is important to ensure
that we reach the ultimate strength.
Different methods can be found in the literature to determine
the pile capacity. The tangent intersection method proposed by
Butler and Hoy [57], the Davisson’s limit offset method [58] or
[59,60] are used for the vertical bending capacity. For the horizon-
tal bearing capacity, the asymptote-tangent method is often7adopted [61,62]. The above-mentioned methods are pile deﬂection
based.
In this work, the ﬁnal strength is chosen as the point where
numerical calculation diverges. More speciﬁcally, large displace-
ments are applied on the pile head. The ﬁnite element code stops
(converge problems) when the bearing capacity is reached. The
objective of the numerical study is to capture the 3D failure enve-
lope surface, large deformations are considered and a re-meshing
technique is necessary (ALE). By connecting the values at the ends
of the different load paths (see the round points at Fig. 14), the
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Fig. 14. Determination of the failure loci.complete failure surface is thus obtained. It can however be
observed in Fig. 14 that due to numerical convergence difﬁculties
(the global stiffness is highly ill-conditioned) when the load paths
approach the end points, jumps can appear and the paths are not
so smooth. Examples of load paths in the H–V plane from the
numerical radial displacement tests are shown in Fig. 15(a).
Numerical swipe tests are also performed in H–V plane and the
results are plotted in Fig. 15(b). It can be seen that the load is ﬁrst
increased in the vertical axis up to a certain level. Then, a horizon-
tal displacement is applied and the forces follow a path until the
ultimate strength is reached. In this way, the swipe tests follow
approximately the surface of the failure envelope [51]. The arrows
in Fig. 15(b) denote the directions of the corresponding loading
paths. Another two numerical swipe tests with more complex load
paths were carried out, the horizontal displacement varies in a cyc-
lic way in order to investigate the stress boundary in H–V plane,
the result is shown in Fig. 15(c), the solid line and the dash-line
are different load paths. The numerical results from both the radial
displacement tests and swipe tests provide similar failure enve-
lopes. The failure envelope thus could be regarded as load path
independent and has a ﬁxed shape and position in the H–V space.
In the following, the radial displacement method is preferentially
chosen to derive the failure envelope.
A large number (around 500) of numerical radial displacement
tests are performed and the ultimate strength (or failure locus) of
each test is plotted in Fig. 15(d). The data points form an
unsmoothed curve, due to the high non-linearity: for the simula-
tions in H–V plane, the angles (d, in Fig. 13) of the displacements
are evenly varied; the obtained stress paths however are curved
(see Figs. 14 and 15(a)). This is the reason why the data points in
the H–V force space are unevenly distributed. The main results
are summarized hereafter:
1. The cross-section of the failure envelope is (almost) symmetric
about the vertical force axis but not about the horizontal force
axis.
2. A single vertical pile has a larger bearing capacity in compres-
sion than in tension.
3. With the increase of the vertical load (compression or tension),
strong interaction between the vertical and horizontal loads is
observed and the horizontal bearing capacity decreases.8The main reason behind the third remark is probably related to
the plastic zone formed in the vicinity of the pile. In a classical elas-
to-plastic constitutive law, total strains are divided into an elastic
and plastic part. The hypoplastic model however does not distin-
guish elastic from plastic strains and therefore the plastic zone
cannot be accurately represented by the accumulated plastic
strain. In the following, the plastic zone is represented using the
nonlinear factor of the hypoplastic constitutive model, see Eq.
(6). The range of this nonlinear factor is ½0;1]. When the factor is
close to 1, the soil is highly nonlinear; when it is close to 0, the soil
presents an (approximately) elastic linear behavior. The nonlinear
factor can be plotted as a state variable in Abaqus [44]. Fig. 16
shows the results of three loading cases: (a) pure horizontal load-
ing, (b) pure vertical loading and (c) inclined loading, (red color
denoting very important nonlinearity). For the pure horizontal
loading, Fig. 16(a) shows that plasticity develops on both sides of
the pile while (almost) no plasticity appears in the zone closed to
the pile tip. For the pure vertical loading, Fig. 16(b), plasticity
develops near the pile tip and both pile sides near the pile tip.
Fig. 16(a) and (b) are characteristic of the two extreme loading
cases. For the inclined loading case, Fig. 16(c), it seems that the
presence of nonlinearity near the pile tip mitigates the nonlinearity
on the pile sides and therefore reduces the horizontal bearing
capacity. With increasing nonlinearity at the pile tip the horizontal
resistance of the pile is expected to reduce.
The obtained failure envelope is similar to the experimental
data from Meyerhof and Ranjan [2] corresponding to a single ver-
tical pile in dense sand with a length to diameter ratio L=D equal to
15. The authors indicated that the ultimate resultant load for ver-
tical piles in dense sand decreases when the resultant force varies
from a standalone vertical load to a standalone horizontal load (i.e.
the horizontal component of the resultant force decreases with
increasing vertical load). According to the results shown in
Fig. 15(d), when V ¼ 0 the horizontal bearing capacity H0 is
estimated around 5000 kN; when the vertical load increases at
V = 20,000 kN (i.e. 80% of the ultimate vertical bearing capacity),
the horizontal bearing capacity is estimated around 2700 kN (con-
sidering the average value of the scatter data points). The horizon-
tal bearing capacity is thus found reduced by 48%.
Remark: It should be notice that according to the Abaqus 6.10
manual [44] ‘‘Finite precision effects can lead to small numerical
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Fig. 15. Selected load paths from numerical radial displacement tests (a), load paths from numerical swipe tests (b), numerical swipe tests with more complex load paths (c)
and complete results from numerical radial displacement test (d), in H–V plane (M = 0).
Fig. 16. Plastic zone under (a) pure horizontal loading (0) (b) pure vertical loading (90) and (c) inclined loading (45).
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differences when running jobs on different numbers of proces-
sors’’. Multiple processors (4 CPUs) were used at ﬁrst and the
results were similar to the ones presented in Fig. 15(d) but with
the H–V point cloud slightly not symmetric to the vertical axis.
For the case of a single CPU however, results are found symmetric
with respect to the vertical axis, see Fig. 15(d).4.2.2. Numerical failure envelope in the H–M plane
The failure envelope is hereafter investigated in the H–M plane
and for different vertical loading levels. The procedure is divided in
two steps: ﬁrst, the pile is loaded until a certain vertical force Vi.
Then, radial displacement loadings are applied considering a
constant ratio between the combined rotation-displacements
increments. The ratio between the increments of rotation h and
horizontal displacement u is constant (dh=du  constant), which
implies a straight loading path, see Fig. 17.
In analogy with the H–V plane, load paths in the H–M plane
start from the origin and stop at the failure envelope, see
Fig. 18(a). The main results are summarized hereafter (Figs. 18(b)
and 19 for different vertical load levels):
 The failure envelopes present a remarkable inclined elliptical
shape.
 The presence of bending moment has a signiﬁcant inﬂuence on
the horizontal bearing capacity of the pile. The contribution
depends on the loading direction (or the respective signs of
the horizontal force and bending moment).
 The inﬂuence of the vertical load on the inclination of the
bearing capacity diagrams is negligible.
 The increase of the vertical load decreases the size of the
bearing capacity diagram (similar trends have been found in
compression and in tension).
The shape and inclination of the failure envelope can be
explained as follows: the presence of a positive bending moment
on the pile head increases the horizontal force bearing capacity,
see the area with the arrow 1 in Fig. 18(b). The positive bending
moment will restrain the pile deformations caused by a positive
horizontal force. To overcome the counterbalance effect of the
bending moment, an increased horizontal force is required in order
to reach the ultimate state. Therefore, the required horizontal load-
ing is higher than in point A. Part 1 can be seen as the horizontal
force dominated failure part.
For the same reason, and in order to overcome the horizontal
force, a greater bending moment is needed. The required bending
moments are larger than the failure moment at point B. Part 2
can be seen as the bending moment dominated part. If now the
sign of the horizontal force and bending moment are opposite,
the presence of bending moment accelerates the failure of the pile
soil system and the horizontal forces are reduced, Fig. 18(b) part 3.o Horizontal displacement
Rotation
V
Vi
1
2
Fig. 17. Radial displacements at the vertical load level Vi.
104.2.3. Numerical failure envelope in the H–M–V 3D space
By combining the results in the H–V plane (Fig. 15) and in the
H–M plane for different vertical load levels (Figs. 18(b) and 19),
the complete failure envelope is plotted in Fig. 20. All the numer-
ical data points belong to a 3D surface that has inclined elliptical
cross-sections along the vertical force axis.
From the numerical radial tests in Fig. 20 the horizontal bearing
capacity (V = 0 and M = 0) is estimated at H0 ¼ 5000 kN, the verti-
cal compression bearing capacity (H = 0 andM = 0) Vc0 ¼25,000 kN,
the vertical tension bearing capacity (H = 0 and M = 0)
Vt0 ¼5100 kN and the ultimate bending resistance (H = 0 and
V = 0) M0 ¼ 0:42 105 kN m. These values play an important role
in the construction of the analytical relationship of the 3D failure
envelope for a single vertical pile in sand presented in the follow-
ing section. One can however notice that the mentioned capacities
are greater than those often used in practice. A possible explana-
tion is that the ultimate strength is calculated using a ﬁnite ele-
ment model without any speciﬁc safety factors, under the
assumption of large deformations and with an advanced re-mesh-
ing technique (ALE). Furthermore, the zoom presented in Fig. 14
shows that the ultimate strength is deﬁned as the ﬁnal the non-
converged point and not on the prior smooth part of the load path.
4.3. Analytical equations
4.3.1. Analytical equation for the failure envelope in the H–V plane
In the H–V plane there is no bending moment and thus a pinned
connection can be considered between the pile head and the pile
cap (no moments are transmitted). Meyerhof and Ranjan [2] pro-
posed a semi-empirical formula to evaluate the interaction
between the horizontal and vertical forces that reads:
H
H0
 2
þ V
V0
 2
¼ 1 ð17Þ
where H0 and V0 are the horizontal and vertical bearing capacities
of the pile. Eq. (17) can be written in a normalized form as follows:
f ¼ m2 þ t2  1 ð18Þ
where m ¼ H=H0 and t ¼ V=Vc0 in compression or t ¼ V=Vt0 in
tension. m and t are dimensionless quantities.
The comparison of the semi-empirical Eq. (18) with the numer-
ical results is shown in Fig. 21(a) and (b). The agreement is satisfac-
tory although some discrepancies are identiﬁed in the tension part
(dash line). A small ampliﬁcation of the differences is also seen in
the normalized curve that is often used in the macro-element tech-
nology [16–18]. Nevertheless, the agreement is considered accept-
able and Eq. (18) is used hereafter for the tension and compression
parts. Therefore, and in order to determine the failure envelope of a
single pile in sand in the H–V plane three parameters are neces-
sary: the horizontal bearing capacity H0, the vertical compression
capacity Vc0 and the vertical tension capacity Vt0.
A strong interaction between the vertical and the horizontal
forces is observed (see Fig. 21(b)) when the vertical load exceeds
50% of the ultimate compression bearing capacity. This may be
due to the size of the soil deposit in the FEM model that is
relatively small (especially when considering the distance from
the pile end to the bottom boundary). Achmus and Thieken [12]
pointed out that with a relatively larger FE model, this interaction
may be found reduced.
4.3.2. Analytical equation for the failure envelope in the H–M–V 3D
space
As shown in Section 4.2.2, the failure envelope in the H–M plane
has an inclined elliptical shape. Inspired from the work of Gottardi
et al. [51], where the authors proposed a formula to reproduce an
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Fig. 18. (a) Load paths and (b) numerical radial displacement tests in the H–M plane corresponding to V = 0.
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Fig. 19. Failure envelopes at different vertical load levels in the H–M plane: (a) V = 1.0104 kN (b) V = 1.5104 kN (c) V = 2.0104 kN (d) and V = 2.25104 kN.inclined elliptical failure envelope valid for circular footings, a sim-
ilar equation is proposed hereafter for a single pile in sand:
f ¼ am2 þ nn2  bmn qðtÞ ¼ 0 ð19Þ11where m ¼ H=H0 the normalized horizontal force, n ¼ M=M0 the
normalized bending moment and t ¼ V=Vc0 or t ¼ V=Vt0 the
normalized vertical force (dependent on the sign of the vertical
load). a; n;b and q are constants that control the shape of the ellipse.
Fig. 20. Numerical failure envelope in the H–M–V 3D space.
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Fig. 21. Comparison of Eq. (18) with the numerical results (a) in the H–V plane and (b) in the normalized HH0  VVc0  VVt0 space.Eq. (19) is an inclined ellipse in the H–M plane where the parameter
a controls the intersections of the curve with the H axis, b with the
M axis and q the isotropic expansion or contraction of the ellipse;
the combination of a; n and b controls the inclination of the ellipse.
The parameters are ﬁrst ﬁtted using the normalized numerical
data in the H–M plane at zero vertical force. They are found equal
to a ¼ 1:0; n ¼ 1:0; b ¼ 1:5 and q ¼ 1:0, Eq. (19) thus becomes:
f ¼ 1:0m2 þ 1:0n2  1:5mn 1:0 ¼ 0 ð20Þ
The ﬁtted curves are plotted in Fig. 22(a) and (b) and shows a
good agreement with the numerical data both in the H–M and in
the normalized H=H0 M=M0 plane. As discussed in Section 4.2.2,
the vertical load inﬂuences the size of the elliptical cross-sections
but not their inclinations, see Fig. 19. In order to introduce this
behavior, it is proposed hereafter to link the parameter q in Eqs.
(19) and (20) with the vertical load as follows:
f ¼ 1:0m2 þ 1:0n2  1:5mn ð1 t2Þ ¼ 0 ð21Þ
Fig. 23 shows the comparison of the numerical results with
Eq. (21) in the normalized H=H0 M=M0 plane and this at different
vertical force levels. Although the proposed equation cannot12accurately ﬁt all the data points, especially for high vertical force
levels (see for example Fig. 23(c) and (d)), it captures the main
features of the behavior. The proposed equation is therefore
considered hereafter satisfactory.
When n ¼ 0 (corresponding to zero moment at the pile head)
Eq. (21) becomes equal to Eq. (18). In other words, the proposed
equation is applicable for both pinned pile-head conditions in the
H–V plane and constrained pile-head conditions in the H–M–V
space.
The 3D failure envelope provided by Eq. (21) is plotted from dif-
ferent view points in Fig. 24(a) and (b). Fig. 24(c) contains the 3D
failure envelope in the normalized H=H0;M=M0;V=Vc0, and V=Vt0
space. The tension part of the failure envelope is marked with a
dark color.
Finally, the 3D failure envelope for a single vertical pile in sand
deﬁned by Eq. (21) is plotted in Fig. 25 together with all the numer-
ical data points. The proposed surface reproduces the 3D distribu-
tion of the numerical data with a correlation factor R2 estimated
around 0.89. Key parameters for the 3D failure envelope are: the
horizontal bearing capacity H0, the vertical compression capacity
Vc0, the vertical tension capacity Vt0 and the bending capacity M0.
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Fig. 22. Comparison of Eq. (20) with the numerical results (a) in the H–M plane and (b) in the normalized HH0  MM0 plane.
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Fig. 23. Comparison of Eq. (21) with the numerical results in the normalized HH0  MM0 plane at different vertical force levels: (a) V=V0 ¼ 0:4 (b) V=V0 ¼ 0:6 (c) V=V0 ¼ 0:8 and
(d) V=V0 ¼ 0:9.5. Limitations of the approach
The study of the failure envelope in the H–M–V space is based
on the assumption that the pile stays elastic. However, plasticity
of the pile should be sometimes considered in engineering design.
A simple way to take this into account is to consider that the pile
has a limited bending capacity My that the maximum bending
resistance of the soil–pile system cannot exceed. Therefore, the13original failure envelope valid for an elastic pile, Fig. 26(a), could
be modiﬁed assuming that the plastic bending response of the pile
neither hardens nor softens, as indicated (in blue in Fig. 26(b)).
Nevertheless, extensive ﬁnite elements calculations are necessary
in order to validate this new shape.
The soil constitutive law adopted in the paper does not take into
account the inﬂuence of the third stress invariant (Lode angle
independent) and thus the shearing strength in extension is
Fig. 24. 3D failure envelope provided by Eq. (21): (a) in 3D space and (b) in the normalized HH0  MM0  VVc0  VVt0 space.
Fig. 25. 3D failure envelope for a single vertical pile in sand: yield surface provided by Eq. (21) vs. numerical data points.overestimated. Furthermore, the critical state cannot be captured.
More advanced constitutive soil model should be considered in
the future to extend the validity of the approach.14Finally, the distance from the pile tip to the bottom of the ﬁnite
element model can inﬂuence the failure envelope. This aspect
should also be addressed in future studies.
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Fig. 26. Schematic of (a) yield surface for elastic pile (V = 0) and (b) yield surface after considering pile plasticity (V = 0).6. Conclusions
This paper presents a comprehensive numerical study of the 3D
failure envelope of a single elastic pile in sand. A simple hypoplas-
tic constitutive law is adopted for the nonlinear behavior of the
sand and an important number of numerical tests are carried out
mainly using the radial displacement method. The 3D interaction
diagram of the vertical force, horizontal force, and bending
moment is investigated.
It is found that the vertical load signiﬁcantly inﬂuences the hor-
izontal bearing capacity and the ultimate bending moment while
the failure envelope in the H–M plane presents an inclined ellipti-
cal shape. Analytical equations are proposed to reproduce the 3D
failure diagram of a single pile in sand valid either for a pinned
connection in the H–V plane or a moment connection with the pile
cap or the super-structure in the H–V–M space. The key parameters
for the analytical equations are relatively easy to determine either
experimentally or numerically making the above equations useful
for engineering design ofﬁces. The work presented in this paper
focuses on the failure envelope of a ﬂexible pile in sand and needs
to be generalized in the future to different soils and pile stiffness.
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